We present experimental evidence of photon droplets in an attractive (focusing) nonlocal nonlinear medium. Photon droplets are self-bound, finite-sized states of light that are robust to size and shape perturbations due to a balance of competing attractive and repulsive forces. It has recently been shown theoretically, via a multipole expansion of the nonlocal nonlinearity, that the self-bound state arises due to competition between the s-wave and d-wave nonlinear terms, together with diffraction. The theoretical photon droplet framework encompasses both a soliton-like stationary ground state and the non-soliton-like dynamics that ensue when the system is displaced from equilibrium, i.e. driven into an excited state. We present numerics and experiments supporting the existence of these photon droplet states and measurements of the dynamical evolution of the photon droplet orbital angular momentum.
Vortex beams in local nonlinear media experience symmetry breaking azimuthal instabilities [1] [2] [3] [4] . Nonlocal nonlinearities can stabilize such beams [5, 6] ; solitarywave behavior for both Laguerre-Gauss (LG) [7] and Hermite-Gauss (HG) modes [8] has been demonstrated experimentally with a laser beam propagating through a thermal nonlinear medium. The theoretical treatment for such behavior stems from the Snyder-Mitchell (SM) model for accessible solitons [9] where the effective potential due to the attractive (focusing) nonlocal nonlinearity is approximated by a parabolic function, with a local minimum at r = 0 [10] [11] [12] . For sufficiently high nonlocality, a vortex beam with orbital angular momentum (OAM) constitutes a stable soliton solution of the nonlocal nonlinear Schrödinger equation (nonlocal NLSE) [13] . However, the nonlocality must be much greater than the beam size in order to allow the effective nonlinear potential to remain parabolic regardless of the shape of the input beam [14, 15] . The dynamics of structured beams, such as dipole solitons [16, 17] , azimuthons [10, 18] and higher-order HG beams [19] , have been explored either within the SM potential or through a purely numerical treatment of the nonlocal nonlinearity.
Recent theoretical work has introduced the concept of photon droplets, or droplets of light, defining them as "self-bound, finite-sized objects that are stable against perturbations in size, shape and density due to a competition of attractive and repulsive forces" [14] . We consider a soliton to be a beam whose transverse spatial profile does not change under propagation. The definition of a photon droplet does not require stationarity, however, if a droplet is initiated in the ground state, then its stationary behavior will coincide with the solitons described above. Liquid light states have also been proposed, arising from the balance between higher order, cubic-quintic nonlinearities [20] [21] [22] that are distinct from the photon droplets. In the photon droplet framework, a beam of light propagating in a nonlocal nonlinear medium is treated as a many-body system where the photon-photon interaction is mediated by the nonlinearity ∆n. A multipole expansion of ∆n allows calculation of a pseudo-energy landscape for the many-body photon state [14] , as a function of the state's physical size and net OAM. The expansion reveals competition between an s-wave nonlinear term favoring a stable vortex ring [13] and a d-wave nonlinear term favoring a twolobed structure (see Fig. 1(b) ). This competition together with kinetic energy (diffraction) results in a robust, p-wave-symmetric self-bound state, with a lower pseudo-energy than that of the azimuthally symmetric SM vortex soliton [14] . The energy-landscape description enabled by the multipole expansion of ∆n encompasses both a stationary lowest energy state with p-wave symmetry and zero net OAM, and the dynamics of a broader class of excited states including the rotating dipole solitons and azimuthons discussed above. Photon droplets extend beyond these concepts, attain liquid-like properties, and exhibit a liquid-to-gas transition concurrent with the emergence of sound waves as low energy excitations. Furthermore their pseudo-energy per unit power, analogous to the energy per particle [23] , has the same form as the equation of state (EoS) for droplets of onedimensional liquid Helium [14, 24] and shares similarities with the EoS for droplets found in Bose-Einstein condensates (BECs) [25] [26] [27] [28] [29] . Whilst inherently quantum, BEC droplets are often described by a classical GrossPitaevskii equation, where an effective classical potential accounts for the quantum-fluctuation stabilization term [26] .
In this Letter we provide the first experimental evidence of photon droplets and study their evolution. We focus attention on the out-of-equilibrium dynamics characterized by evolution of the droplet angular momentum. Experimental OAM-mode decomposition measurements show that the net OAM of the photon droplet varies as it propagates. The droplet and higher-order OAM ex- and nonlinear potential ∆n(x, y), respectively, for the ground state. The minimum pseudo-energy occurs for |δ| = 1 and ξ ∼ 100 µm, and there is an instability at H * (δ = 0) in contrast to the SM model. citations exchange OAM back and forth as the photon droplet explores its pseudo-energy landscape in a manner reminiscent of the two-way energy exchange between a hot spot and the photon bath in optical filamentation [30] .
In our experiment, a beam with a p-wave symmetric intensity profile propagates through an attractive (focusing) nonlocal nonlinear medium, in this case lead-doped glass (SF6) with a thermal nonlinearity characterized by β = −dn/dT = 14 × 10 −6 K −1 , a heat capacity of κ = 0.7 Wm −1 K −1 , linear absorption α = 0.01 cm −1 , and background index of refraction n 0 = 1.8 [31] . The propagation of the electric field E(r, z) through this medium is described by the NLSE
Here k 0 = 2πn 0 /λ is the wavenumber in the medium, for light of vacuum wavelength λ, ∇ 2 is the two-dimensional Laplacian for the transverse plane r = (x, y). In analogy to BECs, H * is the pseudo-energy density, E plays the role of the many-body wavefunction, and the propagation direction z maps to time [32] . The nonlocal nonlinearity ∆n = γ d 2 r R(r − r )|E(r , z)| 2 , is well described by the real space response function R(r) = K 0 (|r|/σ)/2πσ
2 . Here γ = αβσ 2 /κ = 1.25 × 10 −6 cm 2 W −1 gives the nonlinear coefficient characterized by the physical system parameters, and K 0 is the zeroth-order modified Bessel function of the second kind. The nonlocal length σ = D/2 = 2.5 mm is fixed to half the smallest dimension of the material, which is a valid assumption for a rectangular geometry in the steady-state regime with ∆T = 0 at the boundary [31, 33] . Over the extent of the beam the measured response function is to a good approximation radially symmetric. We evaluate the pseudo-energy 
functional [14]
where H * is defined in Eq. (1), and the corresponding Lagrangian density is
To evaluate H * analytically, we choose the ansatz
for the input beam, where φ is the azimuthal angle in cylindrical coordinates, ξ 0 = ξ(z = 0) is the 1/e 2 -intensity beam radius, and δ 0 = δ(z = 0) gives the ratio of OAM = −1 to = +1 [34] . We perform a multipole expansion of the nonlocal nonlinearity
where P is the power, d ν = x ν is the Cartesian ν-component of the dipole moment, and Q ν,µ = x ν x µ is the corresponding element of the quadrupole moment tensor. We refer to this expansion of the nonlocal nonlinearity as the long wavelength approximation (LWA), which is valid for a tightly bound scenario (σ >> ξ) [14] . For an input beam of the form of Eq. 3, the dipole moment cancels leaving a competition between the linear s-wave and quadrupole d-wave terms resulting in the pseudo-energy landscape H * (δ, ξ) shown in Fig. 1(a) . In analogy with BEC droplets [25, 26] , the bound state depends on the number of particles in the system, which in this case is the beam power. As shown in Fig. 1 , we find a clear minimum associated with |δ| = 1, corresponding to a two-lobed photon droplet with zero OAM, and a power-dependent value of ξ = ξ min . At higher powers, the depth of the pseudo-energy well increases, and ξ min decreases [14] . Figures 1(b) and 1(c) show the transverse intensity profile I(x, y) and corresponding nonlinear potential ∆n(x, y) for the lowest-energy photon droplet. We solve Eq. 1 numerically [31] , using the k-space re- [33] to account for the nonlocality associated with the nonlinearity, ∆n(k is the Fourier transform of I(x, y). We map the photon droplet dynamics to the pseudo-energy landscape by calculating |δ| = |c − |/|c + | and the photon droplet radius r = r|E| 2 rdrdφ / |E| 2 rdrdφ ∝ ξ as the beam propagates. Here c + (c − ) is the amplitude of the electric field associated with OAM = +1 ( = −1) calculated by decomposing the transverse electric field from the numerics onto an orthonormal basis of LG beams. Figure 2 shows plots of |δ| vs. r for varying input power over 80 cm of propagation, for initial conditions |δ 0 | = 0.2 and ξ 0 = 210 µm ( r 0 = 220 µm). These plots show how the relevant physical parameters evolve as the photon droplet explores its pseudo-energy landscape H * (δ, ξ ∼< r >). For low particle numbers (dashed black line, P 0 = 0.03 W) we observe near-constant |δ| as the radius increases, corresponding to linear diffraction in the absence of a bound-state or pseudo-energy well: the analogous particle number is less than what is required for a bound state to form, a common feature of droplets. For intermediate particle numbers (solid blue line, P 0 = 0.36 W) we observe small variations in both |δ| and r , consistent with the low nonlinearity and correspondingly shallow pseudo-energy well at this power. Here we have nearly matched the ground state radius ξ min ∼ 200 µm for P 0 = 0.36 W, but |δ 0 | = 0.2 implies the photon droplet is displaced from equilibrium. Changes in |δ| must correspond to excitations of higher-order OAM modes such that the total OAM of the system remains constant. At P 0 = 0.36 W, there is a shallow pseudoenergy well (approximately 1/10 the depth of the one shown in Fig. 1(a) ) but given that the OAM of the sys- tem must be conserved, there is no path for the droplet to decay to lower energy; OAM conserving excitations are too costly. For large particle numbers (dashed red line, P 0 = 0.86 W) we observe focusing in r , and simultaneous variation in |δ|. The energy landscape is now steeper (see Fig. 1(a) ) so high-energy excitations corresponding to higher-order OAM modes may be energetically allowed. Figure 3 shows our experimental setup. We use a 532-nm laser with a Gaussian transverse beam profile. Lenses L1 and L2 expand the beam to a 1/e 2 -intensity beam radius of ∼ 3 mm. We use a spatial light modulator (SLM) to create a diffraction grating with variable combinations of OAM = +1 and = −1. The SLM weakly focuses (f ∼ 2 m) the first diffracted order onto the entrance facet P0 of a set of glass slabs (SF6). The power in the beam is varied from P 0 = 30 mW corresponding to linear propagation to P 0 = 0.86 W. This results in an initial state E(r, z = 0) at P0 that is a good approximation of the anzatz of Eq. 3. The 40-cm long glass sample is composed of four slabs, each 10-cm x 4-cm x 0.5-cm, placed one after the other. We monitor the beam evolution at 10 cm intervals by imaging the output at successive planes, P0-P4, as indicated in Fig. 3 [35] . The camera and optics for the imaging system with magnification M = 6 are shifted as a unit to image each plane in succession, allowing us to follow the evolution of the photon droplet in "time" for a fixed input power. An interesting question arises in relation to whether an excited state with non-zero OAM (|δ| = 1) can explore the full energy landscape (varying both |δ| and ξ)? Evolution of |δ| implies a change in the net angular momentum of the photon droplet. To reconcile this, the photon droplet is expected to excite higher-order OAM modes as it relaxes towards |δ| = 1. As the system is (mostly) closed however, such excitations cannot escape and we expect that higher-order OAM excitations are re-absorbed by the droplet at a later "time", leading to beating dynamics in both ξ and |δ|. To study this, we choose an initial state with |δ 0 | = 0.7 and ξ 0 = 160 µm, shown in Fig. S2 . Figure S2(a) shows experimental evolution of a beam with P 0 = 0.03 W to provide a linear propagation reference. Figures S2(b) and S2(c) show the experimental and corresponding numerical profiles, respectively, for P 0 = 0.86 W. Figure S2(d) shows plots of droplet rotation angle θ as a function of z calculated from numerics using the input parameters of Figs. S2(a) and S2(b).
We demonstrate the dynamical evolution of the photon droplet by measuring the OAM spectrum of the beam at planes P0-P4. We replace the camera with a second SLM (see Fig. 3, inset) , and perform an OAM mode decomposition [36] [37] [38] . We display a series of forked diffraction gratings onto the SLM associated with a given OAM number G , couple the first diffraction order into a singlemode fiber, and measure the intensity of the coupled light with a photodiode. Only the component of the field without OAM ( = 0) efficiently couples into the single-mode fiber, such that for a diffraction grating with OAM G , the photo-diode measures |A − G | 2 , the amplitude of the component of E(r, z) with OAM = − G . We also calculate |A | 2 = | Ee −i φ rdrdφ| 2 from the corresponding numerical simulation, and normalize to |A | 2 = 1. [39] . As seen in Fig. 5(b) , ∆ + − ∆ − varies with z, a clear demonstration that the relative balance of |A + | 2 and |A − | 2 changes as the photon droplet evolves. The dynamical evolution of |δ| vs. r calculated from the complementary numerics and plotted in Fig. 5(c) shows how the relevant physical parameters evolve as the photon droplet explores its pseudo-energy landscape.
In conclusion, we identify a robust self-bound photon droplet propagating in a nonlocal nonlinear medium. We show experimentally and numerically that a photon droplet displaced from equilibrium will exchange OAM back and forth with higher-order OAM modes as the photon droplet evolves in a manner reminiscent of the twoway energy exchange between a hot spot and the photon bath in optical filamentation [30] . The photon droplet description presented here provides a framework for exploring both a stationary soliton-like ground state, and the dynamics associated with higher-energy excited states. These classical photon droplet states share a remarkable similarity to quantum droplets of dipolar BECs and 1D liquid Helium, and may give insight into the behavior of quantum [40] and classical [41] The spatial evolution of the photon droplets corresponding to the curves in Fig. 2 in the main text is shown and discussed below. We experimentally explore the photon droplet evolution within the energy landscape as function of particle number. The experimental images shown in Fig. S1(a)-(c) correspond to the initial conditions used for the numerics of Fig. 2 in the main text, |δ 0 | = 0.2 and ξ 0 = 220 µm and show how the spatial profile of the photon droplet evolves for varying particle number (beam power P 0 ). For P 0 = 0.03 W, as shown in Fig. S1(a) we observe expansion consistent with linear diffraction. For P 0 = 0.36 W shown in Fig. S1(b) we observe slow droplet rotation and no focusing dynamics, consistent with the discussion in the main text for ξ 0 ∼ ξ min and relatively small nonlinearity. At P 0 = 0.86 W, the photon droplets shown in Fig. S1 (c)-(f) start in a highly excited state both in terms of ξ 0 and |δ 0 |, such that |δ| and r ∝ ξ vary simultaneously.
We also observe rotation of the photon droplets, most evident for the highly excited droplets shown in Fig. S1(d)-(f) . The direction of the rotation is dependent on the net photon droplet OAM as shown in Figs S1(c) and S1(d), corresponding to |δ 0 | = 0.2 and |δ 0 | = 5 respectively. Figures S1(e) and S1(f) show the intensity (e) and phase (f) profiles from numerical simulations corresponding to the experimental images shown in Fig. S1(d) . Figure S2 shows plots of rotation angle θ versus propagation distance z for varying input beam powers P 0 . Plots labeled (a),(b),(c), and (d-f) are calculated from numerical simulations and correspond to the same input parameters as the experimental beam profiles shown in Fig. S1 . We note that even for the linear case there is a small amount of residual rotation. This is due to having some small extraneous population of higher order OAM modes due to the way that we form our input states. 
